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Abstract

Eight published pieces of mean-field-game numerics from one research line are taken
back to the objects they print or define — two convergence tables, a closed form used as a
benchmark, an effective Hamiltonian with the values quoted for it, a maximal value function,
a regularization sent to zero, a Wardrop equilibrium table, a clearing price and an empty
region — and each is met by an interval enclosure or an exact rational decision computed
with no code shared with the authors. The verdicts are the words of the public records: a
printed cell is reproduced to its digits, near, or differs by a stated factor; a defined object is
enclosed to a stated width, proved to exist in a box, or refused by name. Of the 24 cells in
the error tables of Ashrafyan and Gomes, 13 are reproduced to their two digits by a scheme
written from the paper’s description, 5 are within 15% and 6 differ; two facts the tables could
not show are found: the stopping tolerance is 39% of the finest printed price error, and the
initial density as printed has no finite integral. A value quoted by Gomes and Yang for a
separable effective Hamiltonian, 4.4099660, lies 7.1 x 10~7 above its enclosure; a Wardrop

1940

total printed as 54 is found to be === = 52.432. Every number here is interpolated from a

record re-derived at every build of the repository.

1 Introduction

A numerical paper ends with numbers: a table of errors against an exact solution, a value
quoted from an earlier computation, a figure of an equilibrium found by a convergent flow.
They are read as evidence that the method works, and they are trusted because the authors
are. This note does the other thing for one research line, the mean-field-game numerics of
Gomes and co-authors [1, 2, 3, 4, 5, 6, 7, 8]: it takes the printed numbers and the objects
they are printed about and decides each one again with instruments that share no code with the
authors — outward-rounded interval arithmetic, exact rational arithmetic, and the two standard
contraction arguments, Krawczyk’s operator [12] and the radii polynomial [13, 14], with their
side conditions checked in interval arithmetic. The outcome of a decision is a word from a short
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list (Section 2), and the word is a statement about an interval or an exact rational, never about
a float.

What is new here is not any one enclosure — the formulas enclosed are the papers’ own or
classical — but the decision grammar applied uniformly to a body of published numerics, and
the record: each verdict below is read from a JSON record in a public repository [17] that a
build re-derives byte for byte before any page, or this document, can quote it (Section 11). A
disagreement with a printed number is stated with its size and the choice it may rest on; nowhere
is a theorem of the papers at issue (Section 13).

2 Vocabulary

The records use a fixed set of words, and so does this note.

Enclosed. A quantity is enclosed when an interval computed in outward-rounded arithmetic
(Section 11) is known to contain it; the width is always stated and carries every rounding
and quadrature remainder.

Decided. A sign, an inclusion or an identity is decided when an enclosure or an exact compu-
tation settles it: a residual that encloses zero, a printed value above an enclosure, a cell
on which a potential is positive. “Found not to be” is the phrase for a printed statement
decided false.

Proved. An object is proved to exist, locally uniquely, when a contraction argument closes: a
Krawczyk operator maps a box strictly into its interior, or a radii polynomial has a radius
r with p(r) < 0 and kK = Z1 + Zor < 1 — both conditions, in interval arithmetic.

Reproduced, near, differs. For a printed error table: REPRODUCED when the re-derived er-
ror, itself an interval, meets the rounding box of the printed digits (half a unit of the
last printed digit on either side); NEAR when it lies within 15% of the printed value but
outside the box; DIFFERS otherwise, with the factor between them — a statement about
an independent implementation of the described scheme, not about the printed number.

Refused. The arithmetic cannot decide at the budget it was given, or a contraction does not
close (Z1 > 1), and nothing is asserted about that cell or point; the reason is named, and
the refusal is itself the verdict.

Measured. A floating-point computation at a fixed mesh, reported as such — a scheme’s error,
a kernel’s leak, a convergence ratio — and never the authority for a decided number.

Undecided, chosen. A point inside the enclosure of a threshold is left undecided; a function
that is one member of a set the data admits, such as a value function off the support of
the density, is chosen and drawn as such.

We say an object is certified when a statement about it has been decided or proved in this sense
with the falsifiers of its certificate fired (Section 11); the word is used in no other sense.



3 Two error tables (Ashrafyan—Gomes)

The published object. Ashrafyan and Gomes [1] discretize the price-formation game of [7]
by a fully discrete semi-Lagrangian scheme and end with two tables (§8, Tables 1 and 2) of
relative ¢ errors against “semi-explicit” solutions, at four meshes, (M, N) equal to (100, 25),
(200, 50), (400, 100), (800, 200), with p = 2h, to two significant digits, in three columns: the
price w over the time grid, v at ¢t = 0 and m at ¢t = T over the space grid. Both tests share the
supply @ = 5sin 3t — 4Q, Q(0) = —3, T =1, on [-1,1]. Test 1 is linear-quadratic, lp = /2
and V = (z—1)?/2, with tolerance ¢ = 0.004; test 2 has [ = %|oz|4/3 and V = z, with € = 0.0002.
The initial density is printed as 7(x) = exp(—1/(1 — (A\x)?)) for |z| <1, A = 1.1 and 1.2.

What was enclosed. The two analytic solutions are evaluated as intervals: the supply and its
integrals in closed form with 7 and e enclosed (K (1) = fol @ € [0.02810377506, 0.02810377507));
the test-1 price w3 = —Q+ (1—1t)/4— ftlfos @ to a width of 1.5 x 1074 on the 200-cell time grid,
and the test-2 price wy = —Q/? — (1 —t), with a cube root verified by cubing, to 1.2 x 10~13;
the test-1 value function u = ag + a1z + agx? with ag = %tanh(l — t) in closed form and
ap(0) € [—0.029123125, —0.029123055] by the midpoint rule on 4,096 cells with a remainder of
6.9 x 1078 from a second-order interval jet; the bump’s mass, [0.403630,0.403631] for A = 1.1
and [0.369994, 0.369995] for A = 1.2; and fol |Q|*/3 /4 € [0.05588298, 0.05588337] with a Riemann
bound on the cells through the zeros of ). One identity is decided outright: the exact price of
test 1 clears the exact market, @ + a1 + 2a2 K + @ enclosing 0 at 21 times with half-width at
most 1.3 x 10714,

What was re-decided. The scheme of §4 is written again from the paper’s description —
P interpolation, the backward step u;; = info{l[up1](x; + ha) + h(lo(a) + wra + V;)}, the
forward push of the density by the minimising feet, the price corrected by the imbalance, a stop
when the price moves by less than ¢ — with two choices the paper leaves open fixed and named:
the inner infimum is taken exactly (on each interpolation cell the objective is convex in « with
a closed-form stationary point), and a foot that would leave [—1,1] is held at the wall rather
than given a shorter step. The scheme runs on the paper’s four meshes at the paper’s € and at
e =1 x 107%; each error is the scheme’s float against an enclosure and is therefore an interval,
of width below 3.6 x 10~7 in every cell. Table 1 is the verdict and Figure 1 draws it: 13 cells
are reproduced, 5 are near and 6 differ. The price of test 1 is reproduced at all four meshes, as
are the value function and the density of test 2. The cells that differ are u and m of test 1 at
the finer meshes, where the re-derived errors exceed the printed ones by factors growing to 2.36
and 1.58 at the finest mesh — the fingerprint of the two open choices, which bear on the feet of
the density and on the wall and not on the analytic solution both sides share — and the price
of test 2 at the finest mesh, where the port’s error is smaller than the printed one (x0.85).

4 A closed form as the control (Almulla—Ferreira—Gomes)

The published object. Almulla, Ferreira and Gomes [2] solve the stationary first-order game
on the torus,

%ui—&—V—l—buwzlnm—i—FI, —(m(ux—l—b))x:O, Ju=0, [m=1 m>0,



Table 1: Tables 1 (test 1, € = 0.004) and 2 (test 2, ¢ = 0.0002) of [1], re-decided. “Port” is
the scheme written from the paper’s description; each of its errors is an interval of width below
3.6 x 1077, printed at its midpoint to three digits. A cell is REPRODUCED when that interval
meets the two-digit rounding box of the printed value; otherwise the factor port/printed is given.
h = 2p.

p quantity printed port, paper’s € port, tight ¢ verdict
Test 1
0.0200 w 1.2 x 1072 1.23 x 1072 1.23 x 1072 REPRODUCED

u(+,0) 2.5 x 1072 2.67x 1072 2.72x 1072 NEAR (x1.07)
m(,T) 88x1072 9.31 x 1072 9.49 x 1072 NEAR (x1.06)
0.0100 w 6.0 x 1073 6.04 x 1073 6.04 x 1073 REPRODUCED
u(+,0) 1.1x 1072 1.32 x 1072 1.38 x 1072 DIFFERS (x1.20)
m(-,T) 42x1072 4.69 x 1072 4.88 x 1072 NEAR (x1.12)
0.0050 w 3.3x 1073 3.27 x 1073 2.99 x 1073 REPRODUCED
u(+,0) 4.7 x 1073 6.31 x 1073  6.96 x 10~2 DIFFERS (x1.34)
m(,T) 1.8x 1072 2.28 x 1072 2.48 x 1072 DIFFERS (x1.27)
0.0025 w 2.1x 1073 2.07 x 1073 1.49 x 1073 REPRODUCED
u(+,0) 1.2 x 1073 2.83 x 1073 3.49 x 10~ DIFFERS (x2.36)
m(-,T) 6.7x1073 1.06 x 1072 1.25 x 1072 DIFFERS (x1.58)

Test 2

0.0200 w 2.6 x 1072 2.66 x 1072 2.66 x 1072 NEAR (x1.02)
u(-,0) 8.5 x 1073 8.53 x 1073 8.53 x 1072 REPRODUCED
m(-,T) 53x1072 5.27 x 1072  5.27 x 1072 REPRODUCED

0.0100 w 1.3 x 1072 1.33 x 1072 1.33 x 1072 REPRODUCED
u(-,0) 7.4 x 1073 7.38 x 1073 7.38 x 1072 REPRODUCED
m(-,T) 2.6x 1072 2.64 x 1072 2.64 x 1072 REPRODUCED

0.0050 w 6.7 x 1073 6.63 x 1073 6.63 x 1073 NEAR (x0.99)
u(-,0) 6.8 x 1073 6.78 x 1073 6.78 x 1073 REPRODUCED
m(-,T) 1.3x1072 1.32 x 1072 1.32 x 1072 REPRODUCED

0.0025 w 3.9 x 1073 3.32 x 1073 3.32 x 103 DIFFERS (x0.85)
u(-,0) 6.5 x 1073 6.45 x 1073 6.45 x 1073 REPRODUCED
m(,T) 6.6x1073 6.62 x 1073 6.62 x 1073 REPRODUCED

with V = sin 27z, by a gradient flow and a monotone flow, and validate both against the explicit
solution for [b=0—u=0,m=¢"/[e", H=1n [¢€", their §2.1. Of [ b # 0 they write that
they are not aware of any closed-form solution; their example is b = cos? 27z (their Figures 7
and 8), [b= %, for which no table exists; the word below is enclosed, never reproduced.

What was decided. The transport equation integrates once to a constant current j = m(u, +
b) — the one-dimensional current formulation of Gomes, Nurbekyan and Prazeres [9], theirs
and cited — so u, = j/m — b and the Hamilton—Jacobi equation becomes, at each x, the scalar
equation Inm — j2/(2m?) = V —b?/2 — H, whose left side is strictly increasing in m: the density
is a verified inverse. Two scalars remain, fixed by [m =1 and [, = 0, and a two-dimensional
Krawczyk operator encloses them, every integral a midpoint rule with its remainder carried as an
interval (16,384 cells for the map, 2,048 for the Jacobian over the box); the contraction closed in
1 round. The same certifier run on b = 0 is the control: it must enclose j at zero and H around
the closed form, and it does (Table 2); with [ €27 € [1.26606587,1.26606589] the closed
form In f eV € [0.2359143540, 0.2359143631], enclosed independently, lies inside the certifier’s
box. For b = cos?2mx a classical solution exists with j € [0.3461135133,0.3461135308] and
H €[0.1711645502,0.1711645817], locally unique in that box, with the density enclosed on each
of 256 plot cells and certified above 0.4291, the value function enclosed with its mean removed
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Figure 1: The relative errors of Table 1 against the mesh, logarithmic axes. Filled marks: this
port at the paper’s tolerance; dashed: the same at ¢ = 1 x 107%; hollow: printed. The printed
price of test 1 sits on the port’s line at every mesh. The port’s price errors halve as p halves —
ratios 2.04, 2.02, 2.01 (test 1) and 2.00, 2.00, 2.00 (test 2) at the tight tolerance — where the
printed test-1 ratios are 2.00, 1.82, 1.57.

Table 2: The first-order game of [2]: the control (b = 0, the paper’s closed form) and the instance
(b = cos? 27x, the case without one), from the same certifier. Boxes are printed outward.

b =0 (the control) b = cos® 2mx (the instance)
current j +1.0 x 1071 [0.3461135133, 0.3461135308]
ergodic constant H [0.2359143495, 0.2359143676] [0.1711645502, 0.1711645817]
half-widths (j; H) 1.0 x 1073, 9.0 x 107° 8.7x107% 1.6 x 1078
density range, certified [0.2905, 2.1471] [0.4291, 2.3164]
closed form lnfev, enclosed [0.2359143540, 0.2359143631], inside none known (their §2.1)
verdict PROVED; the closed form hit PROVED: exists, locally unique, m > 0

(amplitude 0.0775) and its periodicity decided ( [ u, enclosed in an interval about zero of half-
width 2.9 x 1078). Global uniqueness is the paper’s Lemma 2.3 and is assumed, not re-proved.
The certificate carries 5 falsifiers (the remainder deleted, the bracket’s sign check disabled, the
candidate moved, the closed form shifted, the floor forged), each required to refuse.

5 The effective Hamiltonian band (Gomes—Yang)

The published object. Gomes and Yang [3] compute effective Hamiltonians and Mather
measures by a Hessian Riemannian flow and a Newton method and test against the one case
with a formula (their §6.1, quoted from Cacace and Camilli [11]): for H = p?/2 + V(z) on
the circle, H(P) = maxV for |P| < Py = fol V/2(maxV — V), and beyond P, the number ¢
with fol V2(c—=V) = |P|; for V = sin2nx, Py = 4/m. Their Table 1 (§6.2) is the separable
two-dimensional Hamiltonian |p|?/2 + cos 2wz + cos 2wz at P = (1.5,2.5), for which the paper
quotes H = 4.4099660 from Gomes and Oberman [10] beside its own flow and Newton values at
k = 10,100, 1,000, 10,000; their Table 2 (§6.4) is P = 0.5 on — sin 27z, where the paper states

H =1 and reports the flow’s value at k = 100 for four meshes.

What was enclosed. The formula is evaluated as intervals. Q(c) = fol \/2(c — V) is bounded
by the midpoint rule with the remainder from a second-order interval jet, the cells where the
base is not positive by a margin taking a Riemann bound; c is bracketed by bisection on ) and



Table 3: Gomes—Yang [3], Tables 1 and 2 held against the enclosures. Left: Table 1, H(1.5,2.5),
enclosure [4.409965233, 4.409965294]; the quoted 4.4099660 is ABOVE it by 7.1 x 10~7. Right:
Table 2, P = 0.5 on —sin 27z, k = 100.

k HRF (printed) place  Newton (printed) place

10 4.40251 BELOW 4.40935 BELOW
100 4.40916 BELOW 4.40994 BELOW
1,000 4.40989 BELOW 4.40996 BELOW
10,000 4.40996 BELOW 4.40996 BELOW

N H° (printed) exact H(0.5) gap

15 0.964609 1 (FLAT, decided) 0.03539

30 0.964754 1 (FLAT, decided) 0.03525

60 0.964760 1 (FLAT, decided) 0.03524

120 0.964760 1 (FLAT, decided) 0.03524

the bracket is closed by the mean value theorem with the period [1/4/2(c—V) as Q'. With
4,096 cells, P, is enclosed in [1.273238818,1.273240334], an interval of width 1.5 x 1076 that
contains 4/7 = 1.273239545. On a sample of 22 values of P the band is FLAT (H = 1 exactly)
at 9 of them, ROTATING at 12 with brackets between 1.5 x 1076 and 2.0 x 1076 wide (1,024 cells,
the widest bracket at P = 3), and UNDECIDED at one point, P = 4 /7 itself, which lies inside the
enclosure of Py (Figure 2).

Their tables, held against the band. Table 1: with 8,192 cells the one-dimensional co-
sine values are bracketed, ¢(1.5) in [1.244637626, 1.244637656] and ¢(2.5) in [3.165327607,
3.165327639], so that H(1.5,2.5) lies in [4.409965233, 4.409965294], an enclosure of width
6.0 x 1078, The quoted 4.4099660 lies ABOVE this enclosure by 7.1 x 107 7: its seventh sig-
nificant digit is found not to be the value’s. The paper’s own values lie BELOW the enclosure at
every k, as the entropy-penalized H* < H requires, and its k = 10* value 4.40996 agrees with
the enclosure to every digit it prints (Table 3). Table 2: P = 0.5 is below the lower end of the
P, enclosure, so the exact value is decided, H = 1, and the printed values sit 0.0352 to 0.0354
below it, unchanged from N = 60 to 120: the gap of the entropy penalization at & = 100, not
of the mesh. On the seventh digit the record says nothing about whether the quoted value is a
rounding, a typo or a six-digit computation written with eight; Gomes and Oberman [10] was
not consulted, and the number is taken as [3] prints it.

6 The maximal value function (Gomes—Ucer)

The published object. Gomes and Uger [4] prove (their Theorem 1.8) that for a first-order
time-dependent game with local coupling and a fixed density m, among all admissible subso-
lutions of the Hamilton—Jacobi inequality there is a unique maximal one, u*, and the value
functions are exactly the subsolutions equal to u* where m > 0 (and where mg > 0 at ¢t = 0).
Off the support a value function is one member of a set; the paper carries no worked example.

What was built and decided. An explicit instance is built here, and said to be: on the circle
of length 6 with H = p? — m (their Example 2.7), a parabolic bump m = (A(t) — B(t)z?)
of support |z| < r(t) contracting under a quadratic terminal cost, with r = 2sin? 6 and #(6) =
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Figure 2: Left: the band for V' = sin 27wz at 22 sampled P — flat at exactly 1 up to Py, a convex
rise beyond; the grey rule is the enclosure of Py (width 1.5 x 107%) and the hollow mark the one
point left undecided. Right: the width of the bracket on H(P) across the rotating part, between
1.5 x 1075 and 2.0 x 107, widest nearest the degeneracy.

Table 4: The 32 x 96 cylinder of Section 6, cell by cell: the support of the contracting bump,
the vacuum around it, and the seam of cells the moving boundary crosses.

standing cells what is decided there

support 1,842 w* = u by Theorem 1.8; the residuals of the pair enclose 0

vacuum, tight 388 wu* equals the free Hopf-Lax value; every minimising path clear of the
crowd

vacuum, bracket 762 u" between the Hopf-Lax value and the cheapest path proved clear

refused 80 the moving boundary crosses the cell at this budget

gap u* — u proved positive 786  of the 1,150 decided vacuum cells; the largest gap is 0.731

2/3(m — 20 +sin20), from r = 2 att = 0tor = 3 at T = 1.5621+ 4.4 x 10715, and
u = a(t)p(x) + b(t) with ¢ = 22 out to [z| = § and a C' cap beyond. On a 32 x 96 cell cylinder
(3,072 cells) the pair is verified on each of the 1,842 support cells — the Hamilton—Jacobi and
transport residuals enclose zero — and the strict subsolution inequality is decided on every
vacuum cell by a corner bound, so (m,u) is a solution in the sense of their Definition 1.1 with a
vacuum, and u is one member of U(m). The maximal v* — for continuous bounded m the value
of the control problem with running cost %]a:|2 +m, the classical identification [15], assumed — is
enclosed on 1,150 vacuum cells between the free Hopf-Lax value (a rigorous branch-and-bound
over the endpoint) and the cheapest path proved clear of the moving support; on 388 of them
every minimising path is proved clear and the bracket is tight; 80 cells on the moving boundary
are refused. On every decided cell u* > u, and the gap is proved positive on 786 cells (68% of
the vacuum), reaching 0.731 (Table 4). The certificate carries 5 falsifiers, among them a flipped
coupling sign, a path through the crowd and a forged u*.

7 The regularization, measured (Ferreira—Gomes—Uger)

The published object. Ferreira, Gomes and Uger [5] prove existence for stationary first-
order games by casting the system as a monotone operator on a Banach space and adding a
low-order p-Laplacian (their operator (3.1)) that makes it coercive; the regularization ¢ is then
sent to zero. On the one-dimensional torus with H = |p|?/2 — m, a discount and V = A cos 27z



Table 5: The frontier of the atlas, per : the last amplitude proved, the first refused, the Z; that
refused it, the certified density floor at the last proved cell, and the float candidate’s minimum
density at the first refused one.

e proved to A refused from A Z; there m floor (last proved) minm (first refused, float)

0 0.7 0.8 1.219 0.320 0.225
0.01 0.7 0.8 1.244 0.311 0.216
0.1 0.6 0.7 1.089 0.341 0.245
0.3 0.5 0.6 0.997 0.346 0.251
1 0.4 0.5 1.030 0.299 0.204

(their Problem 1 with power growth, ¥ = (8 + 1)/ = 4) the added terms are ¢(u’®)’ and cu?,
polynomial; the object is the family of regularized equilibria and its limit.

What was proved. Eliminating m = u 4 u2/2 — V turns the transport equation into one
scalar equation, F.(u) = m — (mu' + eu®) + eu® — 1 = 0, whose linearization is the Sturm-—
Liouville operator —(ch’)’ + eh with ¢ = m + (1 + 3¢)u’? > m: elliptic wherever the density is
positive, at € = 0 as at ¢ > 0. A radii polynomial in the derivative-weighted space Xo = {u :
S ugl (14 k)?0F < oo}, v = 1.05, with explicit columns of I — A DF to six times the truncation
and an analytic tail beyond, is asked to close a ball about a Galerkin candidate of N = 24 to
40 cosine modes at every cell of a 50-cell atlas, A € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and
e €40,0.01,0.1,0.3,1} (Figure 3). 34 cells are PROVED — a unique zero of F; in the ball, in the
even subspace, classical, with m > 0 on the ball, radii from 9 x 10716 to 7 x 10=® — and 16 are
REFUSED by name: 15 with Z; > 1 and 1 with Z; so near 1 that no radius closes. Along A every
row is proved then refused (Table 5): € = 0 reaches A = 0.7, ¢ = 1 only A = 0.4. The frontier is
the certificate’s, not the equation’s: Z; at € = 0 grows roughly linearly in A as a diagonal tail
inverse meets a varying coefficient ¢, while the certified density floor at the last proved cell of
€ =0 is 0.320 and the float candidate at the first refused cell still has minm = 0.225.

What was decided. Where a regularized cell and its unregularized neighbour are both proved
(26 pairs), ||ue — upl|2 is decided to a bracket of the two radii, narrower than 2.0 x 10~7: about ¢
at small € and sublinear beyond — at A = 0.4 the ratio ||us — ug||2/€ is 1.04, 0.85, 0.62, 0.36 for
€ =0.01,0.1,0.3,1 — as the constant solution already shows at A = 0, where u, is the real root
of eud +u =1 (u; = 0.6823, distance 0.3177). The paper passes ¢ — 0 by compactness; here
the limit is watched on an instance, and the unregularized game certifies as far as the lightly
regularized one and further than the strongly regularized ones.

8 A Wardrop table (Bakaryan, Aoun, de Lima Ribeiro, Hov-
akimyan, Gomes)

The published object. Bakaryan, Aoun, de Lima Ribeiro, Hovakimyan and Gomes [6] com-
pute multi-population Wardrop equilibria on a network of 10 nodes and 15 edges by a distributed
Hessian—Riemannian flow and validate each equilibrium by watching the flow settle; their Table
1 prints the edge totals of the first scenario as integers, and their Figures 2 and 4 the equilibria
of the second and third.
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Figure 3: The atlas of Section 7: a proved cell is shaded by its contraction factor k = Zy + Zor
(lighter is smaller) and a refused cell is hatched with the Z; that refused it. Every row is proved
then refused as A grows, and the proved region shrinks as € grows.

What was decided. A stopping rule cannot certify that the point it stops at is an equilib-
rium, that it is alone, or that its flows are positive; the three scenarios are decided again, each
by the arithmetic its instance supports, in a standard-library Python verifier (44 KB, sha256
5d5fca032{f5dbb7. . .) embedded in the published reproduction page and re-run by the build of
this document (Table 6). S2 (cars and trucks, affine costs): the support KKT system in 38 un-
knowns is solved over exact rationals, the Kirchhoff residual and the Wardrop gap are exactly 0,
one off-support slack is an exact tie no float tolerance could adjudicate, and the totals reproduce
the published Figure 2 exactly. S3 (emission and speed—flow costs, smooth and nonlinear): an
interval Krawczyk contraction proves exactly one KKT zero in a box of radius 7.32 x 10713,
with support flows at least 2.6205 and strict complementarity (every off-support slack at least
0.3301) over the box. S1 (linear cost ¢ = j; + jo, monotone but not strictly): the total is the
exact minimum-norm optimum with Kirchhoff residual 0 and Wardrop gap exactly 0, and the
split between the two populations is REFUSED, because the split-conservation operator has an
exact null space of dimension 6 — the printed split is one member of a family, and no certificate
of a unique split can exist. The verifier’s 6 falsifiers (among them outward rounding removed, a
perturbed flow, the printed Table 1 row and a wrong active set) each refuse.

The erratum. Bound to the paper’s Table 1, the certified S1 totals agree with the printed
integers within their rounding (maximum deviation g—? = 1.568), except that the total of edge
(4,7) is % = 52.432, which rounds to 52 where the table prints 54; with the printed value, flow
is not conserved at node 4 (the falsifier shows a residual of +2). It is a rounding slip in a table
and not a defect in the method, whose three scenarios all reproduce.

9 The clearing price as a band (Gomes—Satde)

The published object. Gomes and Sauide [7] set the electricity price as the multiplier that
makes a fleet of storage owners absorb what the grid produces, and work the linear-quadratic case
with a set-point potential (their §6): with Il = [u,m and E = [ zm the averaged dynamics are
ZE=Qand Il = —n(E—k), and IT is found through a Volterra equation and a Laplace transform
up to an implicit constant; for n = 0 the price is the line w = © —c@Q with © = —’y(fOT Q+7o—C),
their (25) and (30).



Table 6: The three scenarios of [6], each decided by the arithmetic its instance supports, and
the one printed total found not to be what it says.

scenario cost instrument verdict

S1 linear, c = j1+j2 exact rationals; the total PROVED, Wardrop gap exactly 0;
null space of the split- split REFUSED: null space of dimension
conservation operator 6

S2 affine, cars and exact rationals, 38 un- PROVED exactly: Kirchhoff residual and
trucks knowns Wardrop gap = 0; Figure 2 reproduced

S3 emission and interval Krawczyk PROVED: one KKT zero in a box of radius
speed—flow, non- 7.32x 10713
linear

Table 1, edge (4,7) — exact rationals; Kirch- printed 54; found to be % = 52.432

hoff at node 4

What was decided. With quadratic terminal data the other end is explicit, II(T") = v(E(T") —
(), and the pair integrates: Z(t) = T + fot Q, 1I(t) =v(Z(T) - ¢) + nftT(E — k), w=—cQ — 1L
This is three lines from the paper’s own §6.2 and is not claimed as new; what it buys is the
shape: the price is affine in the supply path with every coefficient < 0, so over a box lo < @) < hi
of supply paths the price band is attained at the corners, price(hi) < w < price(lo). With @ a
step function on the grid and rational data every quantity is a rational number and is computed
as one. On a supply scenario of N = 240 steps with ¢ = 1, v = 12, ¢ = &L 7, = 0.301935
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and the box Q(1 £ p), p = 23—0: 0 = —%ggi’igég‘gggig%ﬁg = —1.656370, decided as the identity

II, = —© at all 241 grid times; fOTQ = 0.686096 and =(7") = 0.988031; the band is PROVED
at every grid time with both edges attained, widest at hour 12 where it is 2.7747 (an exact
rational in the record), of which 2.4699 is the term ~ - 2p fOT Q: 89% of the band at its widest
is uncertainty about the day’s total energy, not about the hour, whose own term never exceeds
0.305; a band one price unit wide would need p = 5.41 %. With a set-point preference the band
is still attained at the corners; Table 7 gives the ladder of 7. The certificate carries 5 falsifiers,
among them 1 < 0, where a sensitivity turns positive and a path inside the box prices outside
the corner band.

What was measured. A finite-difference kernel for the same system — the implicit upwind
scheme of the source laboratory the records lift from, ported bit for bit (49 iterations to residual
8.0 x 10719 on a 120 x 240 grid, the same price to the last bit) — is run against the closed
form. It clears the market in the agents’ controls to 8.9 x 10716 while its fleet ends the day
at Z(T) = 0.9032 where conservation requires 0.988031: 0.0848 of the day’s 0.686096, that is
12.4%, vanishes at the wall of the battery box, where the density reaches 22.9 by the end of the
day. Forbidding the wall-pointing control (the state-constraint wall) lowers the loss to 0.0645;
clearing on the discrete Fokker-Planck flux removes it (£(7") matches to 1 x 10714); and on
the domain [—1, 2], where the walls never bind, the flux-cleared scheme approaches the closed
form at first order in the mesh (maximal price error 0.0816 then 0.0434 as H halves, ratio 1.88)
while the lab’s wall treatment does not (1.6998 then 2.3615, ratio 0.72). On the battery box
the conserving scheme puts II at noon at 1.280 against the whole-line 1.6564 — a wall’s shadow
price of 0.376, which the lab’s kernel had at 0.039. These are floats at fixed meshes, reported
as measured; what is decided is the closed form, and that only the conserving scheme measures
the model.
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Table 7: The price band of [7] under a 15% supply box, decided exactly for three set-point
3

strengths (x = £ where n > 0). The width at its widest hour is split into the hour’s term

c-2pQ(t), the day’s term v - 2p [ Q and the set-point term; II(T) does not see 7.

n &k widest band at hour hour’s term day’s term  set-point term I1(0) I(T)
0 0 2.7747 12 0.305 2.470 0.000 1.6564 1.6564
3 % 3.0235 11 0.297 2.470 0.256 1.7539 1.6564
12 % 3.8292 8 0.251 2.470 1.108 2.0466 1.6564

10 The empty region (Alharbi—Ashrafyan—Gomes)

The published object. Alharbi, Ashrafyan and Gomes [8] study first-order games on a
bounded domain with an entry and an exit, and write in their abstract that contact with
the exit does not necessarily imply that exit occurs. Their one-dimensional example (§3.2) on
(0,1) is 3u2+V =m, —(muy), = 0, with inflow —m(0)u,(0) = jo, the relaxed exit u(1) < 0 and
the contact complementarity u(1) m(1)ug(1) =0, for V.=~ + $sin(3n(z + 1)). Case 1 (jo =0,
7=0): m=V, and u = +v/2 fxl VV_, two value functions. Case 2 (jo = 15): m is the positive
root of m® — Vm?2 — j2/2 = 0, positive everywhere. The figures carry no error bound, and 7 of
Figure 2 is not printed.

What was decided. The domain is cut into K = 256 cells and on each the sign of V is
decided by an interval enclosure of the sine: OCCUPIED (m = V, enclosed), EMPTY (m = 0
exactly) or REFUSED where the enclosure straddles zero (Table 8). The three roots are exact,
T = %, %, %; the certificate requires every refused cell to contain one and every root to lie
in a refused cell, and the refused count is 4 (length 4/K = 0.015625) at every budget of the
ladder K = 16,64,256,1024, from length 0.25 down to 0.00390625. The free boundary is not
located by this — it is exact, and the refused cells display the budget. Both value functions
are enclosed by Riemann brackets from the exit, u4(0) € [0.4540,0.4664] and u_(0) its negative,
so the two differ by at least 0.908 at x = 0 and meet at * = 1, where both are exactly 0:
the value function is not unique off the support, which is their Theorem 1.3 (Du unique only
where m > 0) on an instance. The boundary conditions are evaluated as intervals: in case 1,
V(1) € [-0.3536,—0.3535] so m(1) = 0, and = 1 is in the contact set with exit flux exactly 0
— contact without exit, the paper’s sentence decided; in case 2 the current is —jp everywhere,
and the same contact carries an exit flux in [—0.1001, —0.0999]. Because 7 is unprinted, case 2
is certified for every v € [—0.5,—0.3] at once: m > 0.0684 on every cell and for every 7 in the
box. The certificate carries 5 falsifiers, the first of them the float rule that decides the sign at
the cell centre and paints the root cells.

11 The shared instrument

Arithmetic. Every verdict above comes from one library, instruments/interval of the
repository [17]: intervals over IEEE doubles with directed rounding simulated by widening
every basic operation outward by one unit in the last place; the library is checked against exact
BigInt rational arithmetic on random operands, with the widening removed as a control that
must fail. exp, log, sin, cos and tanh are enclosed by truncated series with rigorous remainders.
Exact rational arithmetic over Biglnt fractions decides what intervals cannot — a quantity that
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Table 8: Case 1 of [8] on K = 256 cells: the runs of the unit interval by standing. The refused
cells hold the exact roots %, % and %; the last lies on a cell edge and takes two cells.

run standing what is decided

[0.00000, 0.08203) oOCCUPIED m =V, enclosed on each cell
[0.08203, 0.08594) REFUSED  holds a root of V at this budget
[0.08594, 0.41406) EMPTY m = 0 exactly

[0.41406, 0.41797) REFUSED  holds a root of V' at this budget
[0.41797, 0.74609) ocCCUPIED m =V, enclosed on each cell
[0.74609, 0.75391) REFUSED  holds a root of V at this budget
0.75391, 1.00000) EMPTY m =0 exactly

is exactly zero, as the tie of Section 8 and the identities of Section 9 — and a double entered as
data is converted losslessly, as m - 2¢.

Integrals. The midpoint rule with its remainder carried as an interval, [ f = hf(c)+FE with
|E| < (h3/24) supeey | f”], on K = 2P cells of [0,1] so that every node is an exact double. The
bound on f” comes from a second-order interval jet, the triple (f, f’, f”) propagated through
every operation (Sections 3 and 5); where f” is unbounded, at a cusp or a zero of a root, the cell
takes a plain Riemann bound and the sum stays rigorous (Sections 5 and 10). The quadrature’s
own test deletes the remainder and must show the interval missing the true value on a coarse

grid.

Contractions. The Krawczyk operator K(X) = xg — AF(z9) + (I — ADF(X))(X — x0)
with strict interior containment K (X) C int X (Sections 4 and 8); the radii polynomial p(r) =
Yo — (1 — Z1)r + 1 Zor? with the radius enlarged until p(r) < 0 holds in interval arithmetic and
k = Z1 + Zar < 1 checked as a second condition (Section 7). The float Newton candidate and
the approximate inverse A are trusted for nothing.

The record and its falsifiers. Each instrument writes one JSON record naming the sha256
of its code; the page that serves it re-derives the record at every build and refuses on a byte
that differs. Each certificate lists its falsifiers — planted breaks that must refuse — and each
instrument’s battery fires them; a certificate that cannot go red is not accepted. The macro tool
of this document re-hashes the code every record names, refuses when a record has outlived its
instrument, and with --check re-derives all seven records in place before writing a number.

12 Two findings, stated plainly

Two facts about the tables of [1] could not be seen in the tables, and are stated plainly because
a table of digits rests on them.

The density as printed is not one. Both tests start from m(z) = exp(—1/(1— (\x)?)) “for
|z| < 1, 0 otherwise”, with A = 1.1 and 1.2. For 1/\ < |z| < 1 the exponent —1/(1 — (\z)?) is
positive and unbounded as |z| | 1/, so the printed function has no finite integral: at z = 0.9111
the exponent is already 227, and on the sliver [0.9101,0.9111] alone the mass is at least 3.9 x 10%°
for A = 1.1 (at least 2.3 x 10%7 on [0.8343,0.8353] for A = 1.2), decided by a one-cell Riemann
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bound. The only integrable reading is the standard bump with support |x| < 1/A, which is
what the paper’s figures show and what Section 3 encloses, with mass [0.403630, 0.403631] and
[0.369994, 0.369995]. The digits survived the re-decision, which says the authors’ code used the
bump and not the sentence; the sentence is found not to be a density.

The tolerance is inside the finest number. The paper stops when the price moves by
less than € = 0.004 and reports that every case converges in 4 iterations. Run to e = 1 x 1078
(14-15 iterations) the coarse errors do not move, but at the finest mesh the price error of test
1 falls from 2.07 x 1073 to 1.49 x 1073: 39% of the printed 2.1 x 1073 is tolerance and the rest
is mesh. The convergence the printed column suggests (ratios 2.00, 1.82, 1.57 between its rows)
is blunted at the end by ¢ and is 2.04, 2.02, 2.01, clean first order, once ¢ is out of the way.
Test 2 is immune: its implicit price update reaches a residual of 5.5 x 10713 in 3 iterations at
every mesh, and its errors at € = 0.0002 and at the tight tolerance coincide. Nothing here says
a printed number is wrong; it says what the finest one is made of.

13 What is not claimed

Nothing in this note concerns the theorems of the eight papers: not the convergence proof of [1];
not the uniqueness lemma of [2], assumed and cited where used; not Theorem 1.8 of [4] nor the
identification of its maximal subsolution with a control value, which is classical and assumed;
not the existence theory of [5]; not the convergence of the flow of [6]; not the existence and
uniqueness of [7]; not Theorem 1.3 of [8]; not the one-dimensional formula of [3], classical and
taken as the paper cites it. What is decided is what the papers print and the objects they define
on their own instances.

A DIFFERS cell in Table 1 is a statement about an implementation written from the paper’s
description with two open choices fixed; the authors’ code is not published, and the choices are
the likeliest reason. No reproduction of a figure is claimed: [2] and [8] print no tables, and ~y
of [8] is unprinted and is boxed. Nothing is claimed at the undecided point P = 4/m, on a
refused cell of any atlas or cylinder, outside the balls and the even subspace of Section 7, or
in two dimensions beyond the separable case of Section 5. The instance of Section 6 is built
here; the closed form of Section 9 is not claimed as new, and the kernel measured there is the
source laboratory’s, not the authors’. No first anywhere is claimed: the formulas enclosed are the
papers’ or classical, the contraction arguments are standard [12, 13, 14], and the certified sign
map with undecided cells is older than this note [16]. The contribution is the decision grammar
applied uniformly, and the public, re-runnable record.

Reproduction

Every constant in this paper is interpolated from a certificate record in the cert-machine
repository, so the document cannot quote a number the machine did not certify. The records
are certs/agtable-redecided.json, certs/afg-enclosure.json, certs/hbar-band.json,
certs/maxval-cylinder. json, certs/regatlas. json, certs/price-band. json and certs/
aag-empty-region. json; the Wardrop verifier is reports/verify_wardrop.py, extracted from
the byte-preserved published page legacy/research/wardrop-repro/wardrop-repro.html.
The instruments are instruments/agtable, afg, hbar, maxval, regatlas, price and aag on
the library instruments/interval; each record is re-derived and compared byte for byte by
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node instruments/<x>/run.js --check and gated by node instruments/<x>/battery.js.
The printed numbers of [1] are pinned in corpus/ashrafyan-gomes-2403.02785/tables. json.
The macros of this document are written by node tools/paper-numbers/mfg-redecided.js
[--check], the figures by tools/paper-numbers/mfg-redecided-figs.py, both from
the records alone, and the document is compiled by node tools/build-paper-tex.js
mfg-redecided; this build is at commit eece01c1497a.
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