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Guaranteed 4D seismic detectability of gas and COs injection
fronts in a pre-salt-type carbonate: a decision over a declared
petro-elastic envelope*

Carlos Toledo

e 4D detectability decided for every admissible model in a declared en-
velope, cell by cell.

e Three verdicts with witnesses; a refusal returns the survey resolution
that decides.

e At 1.5%, 50,186 UNISIM-IV cells are proved undetectable for a thin
gas front.

o Monte Carlo reports 34.1% detection where a proved admissible model
changes 0.39%.

« Above a gas density of about 0.700 g/cm? the sign of the 4D change
is not guaranteed.
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Abstract

A time-lapse (4D) seismic feasibility study for a gas or COg injection front
delivers an impedance change per scenario, or a probability of detection
from a few hundred Monte Carlo draws of the rock and fluid properties. In
the Brazilian pre-salt the change the rock produces and the resolution the
survey reaches are of the same order — about 1.5% of acoustic impedance
distinguishable at the Tupi ocean-bottom-node pilot, with repeatability of
2-3% — so the question that matters before an acquisition is not the proba-
bility of detection but whether every admissible model sees the change, and
if not, which measurement would decide. This paper decides that question.
A petro-elastic model (Gassmann fluid substitution, a fluid mixing law be-
tween the Reuss and Voigt limits that contains every Brie exponent, a dry
frame on the critical-porosity trend) is evaluated over a declared envelope —
every rock and fluid parameter as an interval with its source — by interval
branch and bound with a monotonicity test, in outward-rounded arithmetic,
returning for each cell of a porosity—saturation grid four proved numbers:
a lower bound of the smallest relative impedance change over the envelope,
the smallest change a named model attains, the largest attained, and an
upper bound of the largest. At a survey resolution 6 the cell is PROVED
(detectable for every admissible model), REFUTED (undetectable for every
admissible model), or REFUSED with a witness on each side and the resolu-
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tion that would decide. On the public UNISIM-IV pre-salt analogue (72,321
active cells) at the pilot’s resolution of 1.5%, a thin front below 4% gas sat-
uration is REFUTED in 50,186 cells on the physical range alone; between 4%
and 28% saturation the whole field is REFUSED in four of five knowledge
states, and the certificate returns, cell by cell, the resolution that decides;
with a saturated front, a COs-lean gas known to be uniformly distributed
and the frame stiffness measured, 177 cells are PROVED. In a coquina cell at
the benchmark’s median porosity a Monte Carlo study reports detection in
34.1% of 10,000 draws while a proved admissible model changes impedance
by 0.39% and the proved minimum is 0.35%. The sign of the change is
not guaranteed above an injected-gas density of about 0.700 g/cm?, which
COa-rich gas exceeds. No single measurement decides the headline cell; the
survey resolution does, and it is an acquisition specification.

Keywords: time-lapse seismic, 4D feasibility, rock physics, Gassmann,
interval arithmetic, pre-salt carbonate, COs injection, uncertainty

1. Introduction

Time-lapse seismic monitoring answers questions of reservoir manage-
ment — where the injected gas front has reached, where water has advanced,
where oil remains — and its acquisition is among the larger discretionary
costs of a producing field (Lumley, 2001). Before an acquisition a feasibility
study asks whether the expected change will be seen. The common forms of
the answer are a petro-elastic model run on a few scenarios, a Monte Carlo
propagation of rock and fluid uncertainty to a probability of detection, and a
repeatability rule in terms of normalised root-mean-square difference (Kragh
and Christie, 2002; Costa et al., 2019; Silva et al., 2025, 2026). In the Brazil-
ian pre-salt carbonates these answers meet a hard case. At the Tupi ocean-
bottom-node pilot, Cruz et al. (2021a); Cruz and Cruz (2021b) report an
average NRMS of about 3% with standard 4D processing and about 2% with
least-squares migration (Cypriano et al., 2019); acoustic-impedance changes
of about 1.5% were distinguishable beyond the near-well region; around the
first water-alternating-gas injector the change stayed below the 2% that
had been taken as the pre-salt cut-off; petro-elastic modelling that consid-
ered only saturation effects overestimated the 4D amplitudes and impedance
changes; and the higher the CO2 content of the injected gas (about 80% in
the rich stream, about 5% in the lean one) the smaller the impedance con-
trast with oil or water. The resolution the survey reaches and the change
the rock produces are of the same order.



In that regime the feasibility question is better posed as a decision than
as a probability: for every scenario compatible with the declared evidence,
does a survey of this resolution see the injection? And when it does not:
which measurement, taken to which resolution, decides before the acquisition
is paid for? This paper answers both over a declared envelope — each
petro-elastic parameter as an interval with the source of its bounds — using
the standard model and standard tools of validated numerics: Gassmann’s
relation (Gassmann, 1951; Mavko et al., 2009), a fluid mixing law spanning
the Reuss and Voigt limits (Brie et al., 1995), a dry frame on the critical-
porosity trend (Nur et al., 1998), and interval branch and bound with a
monotonicity test (Hansen and Walster, 2004; Moore et al., 2009). The
novelty claimed is not any of these. It is the grammar of the answer: three
verdicts per cell, each with the model that justifies it; refusal as a result
that returns the survey resolution and the measurement that would decide; a
guarantee on the sign of the change, not only its size; and a record that is re-
run in a browser by the same bytes. Related bounding approaches exist for
storage monitoring — Bergmann and Chadwick (2015) bound substituted
fluid volumes from 4D time shifts at Sleipner, and Chadwick et al. (2014)
review detection and measurement for COy storage — and probabilistic
inversion frameworks give posterior distributions of petrophysical properties
conditioned on a prior (Grana et al., 2022; Zhang et al., 2023); the value of
seismic monitoring has been assessed in expectation (Anyosa et al., 2021).
None of these, to our knowledge, returns a verdict that holds for the whole
admissible set, with a counterexample when it does not, and this is the gap
the paper addresses.

Section 2 states the model and the declared envelope; Section 3 the
decision; Section 4 the results on a public pre-salt analogue, the UNISIM-IV
benchmark (UNISIM, 2026); Section 5 what the verdicts do and do not say,
including what this draft does not yet include.

2. The model and the declared envelope

2.1. The petro-elastic model

The only physics asserted is the textbook one (Mavko et al., 2009). The
dry frame is declared as ratios on the critical-porosity trend, Kg,, = s (1 —
©/¢e) Kmin with ¢, = 0.40 (Nur et al., 1998) and Ggry = (G/K) Kgpy.
Gassmann’s relation gives the saturated bulk modulus,

(1 - I(dry/I(rHiH)2

sa Y SO/Kfl + (1 — gO)/Kmin — Kdry/Kr%lin

(1)



with the fluid modulus a mix between the Reuss (uniform saturation) and
Voigt (patchy) limits, Ky = Kgr + w (Ky — Kg) with w € [0,1]: every
Brie exponent (Brie et al., 1995) lies between them, and nobody measures
the distribution of the injected gas before the survey. The density is p =
(1 —©)pmin + ¢ >_; Sipi, M = Kt + %Gdry and Iz = pM. The 4D change
is AI/I, = /r — 1 with r = I2%/I2,, written in difference form so that
the interval carries the change’s uncertainty and not the rock’s; the decision
compares 7 with (1 + #)? and no square root enters a verdict. Gassmann’s
assumptions — connected pores, low frequency, a frame the fluid does not
soften — are the model’s; a PROVED speaks for this model over this envelope,
not for the rock. The domain is enforced: the frame must lie under the
Voigt bound, s(1 —¢/p.) < 1— ¢, and saturations must stay in [0, 1]; a box
that leaves the domain is REFUSED, never decided. The shear modulus is
unchanged by the fluid, so I changes only through the density and V,/V;
only through the modulus; both are decided over the same box.

2.2. The declared envelope

Table 1 gives every range and its source. The frame stiffness s and the
ratio G/ K are the hull of 9 pre-salt plugs from the Iracema area of the Santos
Basin (Quadros et al., 2025), each read as Kg,, = p(Vp2 — 3V?) against its
Hill mineral modulus from the paper’s mineralogy; brine and live oil follow
Batzle and Wang (1992) at pre-salt pressure and temperature and the Tupi
oil’s gravity and gas—oil ratio (Cruz et al., 2021a); the injected gas runs
from methane to pure CO2 at reservoir conditions from the NIST equation-
of-state tables (NIST, 2026; Span and Wagner, 1996; Setzmann and Wagner,
1991); the irreducible water and residual oil saturations are the benchmark’s
own relative-permeability tables, so that the largest mobile gas saturation is
0.47; the mixing parameter w spans [0, 1]. The detection thresholds are the
pilot’s: 2% was the feasibility cut-off and about 1.5% the limit reached with
ocean-bottom nodes (Cruz et al., 2021a; Cruz and Cruz, 2021b). A range is
a box the engine decides over in full; narrowing one is a measurement, and
Section 3.2 prices which.

2.3. Knowledge states

Five states of knowledge are decided, each an envelope: KO, the physical
range alone; K1, the gas composition measured as COg-rich (K, 0.38-0.55,
pg 0.75-0.93); K2, measured as COg-lean (K, 0.22-0.30, p, 0.26-0.40); K3,
lean and known to be uniformly distributed (K, 0.22-0.30, pgy 0.26-0.40, w
0-0.25); K4, in addition the frame stiffness measured in the interval (K,
0.22-0.30, p, 0.26-0.40, w 0-0.25, s 0.49-0.65). A sixth, the correlated
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Table 1: The declared envelope: every parameter as an interval with the source of its
bounds. Units: moduli in GPa, densities in g/cm?®.

parameter

declared range

source

frame stiffness s

Gdry/Kd'ry
critical porosity ¢.

mineral modulus Kmin

mineral density pmin
brine Ky, pw

live oil Ko, po

injected gas Ky, pg
Swi

mixing w

0.49-0.90
0.27-0.68
0.40
61-71

2.70-2.75
3.2-3.8, 1.06-1.17

0.77-1.02, 0.66-0.73

0.22-0.60, 0.26-0.97
0.18

0-1

hull of 9 Iracema plugs on the critical-porosity trend (Quadros
et al., 2025)

the same plugs

Nur et al. (1998)

Hill average of the plugs’ calcite, dolomite and quartz, to
calcite as tabulated (Mavko et al., 2009)

calcite to dolomite-bearing

Batzle and Wang (1992) at 60 MPa and 90°C, salinity 0.10-
0.225

Batzle and Wang (1992), API 28-30, GOR 200-300 m?/m®
(Cruz et al., 2021a)

methane to pure CO2 at 60-65 MPa, 65-90°C (NIST, 2026)
UNISIM-IV relative-permeability tables (Sory = 0.35)
(UNISIM, 2026)

Reuss (0) to Voigt (1): every Brie exponent (Brie et al., 1995)

frame, replaces the rectangle in (s, G/K) by the convex hull of the plugs
widened by 0.02 in each coordinate, covered by 56 grid boxes that meet the
hull (a separating-axis test, both convex), and decides the union: a frame
that is stiff in K is not free to be anything in G/K.

3. The decision

3.1. Four proved numbers per box

Every quantity is an interval in outward-rounded arithmetic. The ex-
tremes of r over a box are found by interval branch and bound with a
monotonicity test (Hansen and Walster, 2004): r and its gradient are eval-
uated together by interval forward-mode differentiation; a dimension whose
partial derivative is proved of one sign over the box is pinned at the end that
extremises r, which removes it from the problem exactly; only the dimen-
sions left are bisected, best-first, within a budget of 12,000 box evaluations.
The result for each extreme is a proved bound and a thin point that attains
a value within it — the witness, proposed in floating point and verified in
intervals. A cell of the map thus carries four numbers for |AI,/I,|: a proved
lower bound of the smallest change over the envelope, the smallest change
a named model attains, the largest attained, and a proved upper bound of
the largest. At a survey resolution 6 the cell is



proved when 6 is at most the proved lower bound: every admissible model
changes impedance by more than the survey resolves;

refuted when 6 exceeds the proved upper bound: no admissible model
reaches the resolution, so no survey at this resolution can answer the
question;

refused when 6 lies between the two attained values: the envelope holds a
model on each side, each proved, and the receipt names the resolution
that would turn the cell PROVED — the proved lower bound — and
the measurements that would narrow the envelope;

undecided otherwise, within the budget: 6 lies between a proved bound
and the attained value next to it.

3.2. The sign, the attributes and the price of information

Gas denser than the lightest admissible live oil can stiffen the rock: the
density rises more than the modulus falls. For each cell under the physical
range the engine bisects the injected-gas density and returns the smallest
density at which a proved model gains impedance; above it the sign of
the 4D change is not guaranteed. The search is one-sided by design: a
proof that the change is negative for every model does not close on these
boxes at any budget tried, and the record says so. The two factors of r
— ALy /Iy = \/p2/p1 — 1 and A(V,/Vs) = \/Ma/M; —1 — are decided by
the same search, so that I, and V,,/V; are reported over the same envelope.
The price of information cuts each measurable range (gas modulus by PVT,
frame stiffness in a plug, gas distribution, saturation from a log) into 2, 4
and 8 slices and re-decides the cell on each slice: a measurement decides
when every slice comes out PROVED or REFUTED.

3.83. Controls

A second implementation in Python’s decimal arithmetic at fifty digits
— the textbook Gassmann form, the impedance ratio computed directly, no
interval arithmetic, no difference form and no shared code — is compared
with the engine at 452 inputs; the engine’s thin-point interval contains the
reference at every one (tightest margin 3.3 x 107!6), and so do the proved
extremes of random sub-boxes at points drawn inside them. The battery
has 16 checks and 7 red controls that must fire: a Monte Carlo feasibility
study of 1000 seeded draws that finds every draw detectable and calls the
box PROVED is refused, the engine returning a model the draws missed,
proved below the threshold; a point estimate at the box centre passed off



as “the change” is caught by the witnesses; a porosity above the critical
porosity and an oil saturation driven negative are refused as outside the
domain; a threshold one hundredth of a per cent above a proved upper bound
is REFUTED, one below a proved lower bound PROVED. The engine and
the declared envelope are pinned by SHA-256 in the ledger (2de609c9b09e,
€942aff91db2), and every cell of the map can be decided again in a browser
by the same bytes.

4. Results on a pre-salt analogue

4.1. The field

The analogue is the UNISIM-IV-2026 benchmark (UNISIM, 2026): a
pre-salt-type carbonate with COs-rich light oil and water-alternating-gas
injection, 72,321 active cells on a 47 x 39 x 291 = 533,403 cells grid (36,607
stromatolite, 35,681 coquina, 33 karst), of which only the porosity and rock-
type grids are read, as a derived database under the benchmark’s licence.
Each cell of the field sits in the porosity column of its own value; the decid-
ability map is a grid of 30 porosity bins of width 0.01 by 12 gas-saturation
bins of width 0.04, 360 cells, each a box (its porosity range by its satura-
tion range by every declared range), decided under each of the 5 knowledge
states: 1,800 boxes in all.

4.2. The map and the field

Fig. 1 gives the map under four envelopes and two resolutions, and Ta-
ble 2 the cells by verdict under every state at 1.5, 2 and 3%. Three readings
follow, each with its proof (Table 3, Fig. 2). First, a thin front, below 4% gas
saturation, is REFUTED at 1.5% in 50,186 of the field’s cells on the physical
range alone and in 68,880 with the gas measured, uniform and the frame
known: the verdict “do not acquire for this question” exists, with proof —
the first refuted column, porosity 0.08-0.09, has a guaranteed change of at
most 1.42%. Second, between 4% and 28% saturation the whole field is
REFUSED at 1.5% in K0, K2, K3 and K4 — the band in which the Tupi
injectors operated — and the certificate returns, cell by cell, the resolution
that decides; from 16% to 28% it is refused in every state. The exception is
instructive: with COg-rich gas (K1) the 4-8% row is REFUTED in 53,443 cells
and undecided within the budget in 18,878, and the 8-16% rows are mostly
undecided (66,457 and 54,556 cells): a denser, stiffer gas pushes the change
toward the resolution from below rather than across it. Third, with a sat-
urated front (0.44-0.48), COz-lean gas known to be uniform and the frame
measured, 177 cells are PROVED at 1.5%, from porosity 0.23 up. At 3% with



(a) physical range only, 6 = 1.5% (b) CO»-lean gas, uniform, frame measured, 6 = 1.5%

% & 0.48

g : e
'E 0.364 'g 0.361 1]
2 2

© ©

' 0.244 N 0.244

w wn

© ©

o o
g o0.124 o 0121

2 2

o 1®)

() [
g ENNEENNERENNERN £

0 0.10 0.20 0.30 0 0.10 0.20 0.30
porosity ¢ porosity ¢
(c) COy-rich gas, 6 = 3% (d) CO,-lean gas, uniform, frame measured, 6 = 3%

o 0.48 - 0.48

[ [

c c
o o

E 0.364 E 0.361

2 2

© ©

w wn

w wn

© ©

o o
el kel

2 2

[*) [*)
g 2
£ £

porosity ¢ porosity ¢

B PROVED: detectable for every admissible model REFUSED: witnesses on both sides
B REFUTED: undetectable for every admissible model EZ3 not decided within the budget

Figure 1: The decidability map: each cell a porosity bin by an injected-gas-saturation bin,
decided over every declared range. (a) The physical range alone at the pilot’s resolution
of 1.5%; (b) COz-lean gas, uniformly distributed, frame stiffness measured, at 1.5%; (c)
COg-rich gas at 3%; (d) as (b) at 3%.

COo-rich gas the front is REFUTED in most of the field up to 28% satura-
tion: the resolution of standard processing does not answer the WAG-CO,
question.

4.8. One cell, decided

The headline cell is a coquina cell at the benchmark’s median porosity
(0.13-0.15), a water-alternating-gas front between 0.15-0.30 saturation, and
the pilot’s resolution of 1.5%. Under the physical range alone it is REFUSED
after 36,044 box evaluations: AI,/I, lies in [—5.67,+2.57]% for every ad-
missible model, and the envelope holds a model that changes impedance by
—3.77 (a soft frame, uniform methane) and one that changes it by +0.26 (a
stiff frame, patchy pure COsg), each proved (Table 4); the declared evidence
does not decide. Table 5 and Fig. 3 follow the cell through the knowl-
edge states: measuring the gas composition, learning that it is uniformly
distributed and measuring the frame each tighten the proved range, and
none changes the verdict at 1.5%; in K4 the smallest change is proved at
least 0.35% and attained at 0.39%, so the resolution that would make the



Table 2: The 360 map cells by verdict under each knowledge state at three survey resolu-
tions.

0 =1.5% 0=2% 0=3%
state proved refuted refused open proved refuted refused open proved refuted refused open
KO 0 15 332 13 0 24 311 25 0 63 255 42
K1 0 41 265 54 0 68 217 75 0 153 88 119
K2 0 19 332 9 0 34 311 15 0 74 255 31
K3 3 26 329 2 0 48 311 1 0 97 255 8
K4 21 26 311 2 3 47 308 2 0 97 255 8

Table 3: The field’s 72,321 active cells by verdict when the gas front reaches each satura-
tion, at 1.5%: the physical range alone (K0) and the lean, uniform, measured-frame state
(K4).

KO, physical range only K4, lean, uniform, frame measured
gas saturation proved refuted refused open proved refuted refused open
0-0.04 0 50,186 4 22,131 0 68,880 4 3,437
0.04-0.08 0 0 72,321 0 0 0 72,321 0
0.08-0.12 0 0 72,321 0 0 0 72,321 0
0.12-0.16 0 0 72,321 0 0 0 72,321 0
0.16-0.20 0 0 72,321 0 0 0 72,321 0
0.20-0.24 0 0 72,321 0 0 0 72,321 0
0.24-0.28 0 0 72,321 0 0 0 72,321 0
0.28-0.32 0 0 72,321 0 3 0 72,318 0
0.32-0.36 0 0 72,321 0 8 0 72,313 0
0.36-0.40 0 0 72,321 0 17 0 72,304 0
0.40-0.44 0 0 72,321 0 79 0 72,242 0
0.44-0.48 0 0 72,321 0 177 0 72,144 0

cell PROVED is 0.35% of impedance — an acquisition specification (nodes,
permanent reservoir monitoring), not a rock measurement. The correlated
frame tightens the bounds (the proved maximum on the physical range falls
from 5.66% to 4.94%; with lean uniform gas the smallest attained change
rises from 0.21% to 0.22%) and changes no verdict. Correlating the gas com-
position with (K, pg) cannot change it either: the undetectable witness sits
at the pure-COq2 endpoint, which every composition curve contains. Cut-
ting each measurable range into 2, 4 and 8 slices, no single one of the 6
measurements decides the cell at 1.5% in either KO or K4.

4.4. Monte Carlo face to face

The study a feasibility workflow would run draws the envelope and
counts detections. In K4 at 1.5%, 3,408 of 10,000 uniform draws detect
(34.1%; with 1,000 draws, 34.3%), the smallest change among the draws be-
ing 0.54%; on the physical range alone 0.7% of 10,000 detect. The draws do



(a) physical range only (b) CO3-lean, uniform, frame measured
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Figure 2: The share of the field’s active cells by verdict at 1.5% for each gas saturation of
the front: (a) the physical range alone; (b) COgz-lean gas, uniform, frame measured.

find undetectable scenarios; what they do not find is the floor: the proved
admissible model changes impedance by 0.39%, below any draw, and the
proved minimum is 0.35%. At zero threshold in K3, 1,000 draws never
fall below 0.336% while a proved scenario attains 0.2105%. The fraction
of the envelope that detects is a statement about a uniform prior over the
envelope that nobody declared and is labelled as such in the record; the
verdict, the witnesses and the resolution that decides do not depend on it.
A study that reported “detectable in 34.1% of draws” and a study that re-
ported “REFUSED, with a proved undetectable model and a resolution that
decides” are reporting different things, and only the second is an acquisition
specification.

4.5. The sign of the change

Fig. 4 gives, for each cell under the physical range, the smallest injected-
gas density at which a proved model gains impedance: from 0.691 to 0.812
g/cm?® (median 0.700), found in 348 of 360 cells; in the headline cell, 0.696
g/cm3. Methane at 60 MPa and 65°C has a density of 0.26 g/cm?; pure
COq at pre-salt conditions 0.89-0.97 (NIST, 2026). Above the mapped
density a 4D survey at 1.5% does not guarantee even the sign of the change:
a softening read as “the gas has arrived” and a stiffening read as “it has
not” are both admissible. The molar COq fraction corresponding to a given
density comes from the PVT of the field’s gas; with the COs-rich stream of
the pilot (about 80%) the cell’s envelope already contains both signs. The
pressure—saturation ambiguity of 4D interpretation is well known (Landrg,
2001); what is added here is a proved density threshold per cell for the
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Table 4: The two witnesses of the headline cell under the physical range: the admissible
model with the largest change (detectable) and the one with the smallest (undetectable),
each with its change proved. Moduli in GPa, densities in g/cm?.

parameter detectable (—3.77) undetectable (40.26)
0 0.15 0.15
s 0.49 0.9
G/K 0.27 0.68
Kmin (GPa) 61 71
Prmin (g/cm3) 2.7 2.7
K. (GPa) 3.8 3.8
pw (g/cm?) 1.06 1.06
K, (GPa) 1.02 0.77
po (g/cm®) 0.73 0.66
K, (GPa) 0.22 0.6
pg (g/cm?) 0.26 0.97
Swi 0.18 0.18
AS, 0.3 0.3
w 0 1

Table 5: The headline cell through the knowledge states at 1.5%: the proved lower bound
and the attained minimum of |AI,/I,|, the attained maximum and the proved upper
bound, the verdict, and the resolution that would make the cell PROVED.

state  envelope proved > attained attained proved < verdict de
Ko physical range only 0.00% 0.00% 3.77% 5.66% RECUSADO  n
K1 COg-rich gas, PVT measured 0.00% 0.00% 2.15% 3.76% RECUSADO  n
K2 COz-lean gas, PVT measured 0.00% 0.15% 3.77% 5.32% RECUSADO  n
K3 CO2-lean, uniform (w < 0.25) 0.21% 0.21% 3.77% 4.12% RECUSADO 0.
K4 COgs-lean, uniform, frame measured (s < 0.65) 0.35% 0.39% 3.77% 4.11% REcUsADO 0.

saturation effect alone.

4.6. The attributes

For a saturation change alone, the change of I, is in magnitude the
sum of its two parts, so I, is the most sensitive attribute and no attribute
rescues a cell that is REFUSED in [, (Table 6). What I and V,,/V add is the
separation of the density part from the modulus part, which is how a pressure
effect would be isolated with four-component node data. The published pilot
scenarios fit inside the envelope: at Tupi the impedance change around the
first WAG injector stayed below 2% and the distinguishable changes were
about 1.5% (Cruz et al., 2021a), inside the headline cell’s proved range of
[—5.67, +2.57|%.
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6=15%
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Figure 3: The headline cell: the proved range of |Al,/I,| and the attained extremes under
each knowledge state, against the pilot’s resolution; beside KO and K4, the range, the 5—
95% band and the median of 10,000 uniform draws of the same envelope (statistical, not
certified).

Table 6: The three attributes of the headline cell, the proved lower and upper bounds of
the absolute relative change over the envelope, in per cent.

|AL /I |AL /L |A(Vp/ V)
state  envelope > < > < > <
KO physical range only 0.00% 5.66% 0.00% 0.44% 0.00% 5.30%

K4 COg2-lean, uniform, frame measured (s < 0.65) 0.35% 4.11% 0.10% 0.44% 0.22% 3.84%

4.7. A scenario recomputed by hand

The undetectable witness of the headline cell can be recomputed line
by line (Table 7): a geophysicist repeats it in a spreadsheet and arrives at
+0.26, which the engine’s interval at that point contains.

5. What the verdicts say, and what this draft does not yet include

The verdict is the model’s. A PROVED or REFUTED cell is a statement about
Gassmann’s model with the declared mixing law and frame trend, over the
declared envelope. It is not a statement about the rock, the survey’s noise,
or the seismic response of a layer of finite thickness. Three things are out-
side this version and are said here rather than in a footnote. The pressure
effect — the frame modulus against effective stress — is not included; at
injectors the saturation effect alone overestimates the signal, as the Tupi
pilot recorded (Cruz et al., 2021a), and the term enters as a declared range
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Figure 4: The sign map under the physical range: the smallest injected-gas density at
which a proved admissible model gains impedance, per cell; hatched cells are those where
no gaining model was found within the budget. Above the mapped density the sign of the
4D change is not guaranteed.

from stress-dependent plug measurements. Thickness and tuning: the ver-
dict is at the petro-elastic step (cell detectability), not the convolved seismic
response; a thickness range enters as a further dimension of the box. Fre-
quency and dissolution in carbonate: Gassmann’s assumptions, the model’s.

The inputs that would sharpen it. The gas properties are endpoints from
NIST tables; a PVT-based equation of state for the field’s gas compositions
would replace the methane-to-CO2 box by a curve, which the sign map
already shows cannot change the headline verdict but would tighten others.
Gas saturation per cell and per time from the simulator would replace the
saturation range by the front the simulation predicts. A review of the rock-
physics choices — the critical-porosity frame, the mineral moduli, the plug
hull — by a geoscience group is pending at the time of this draft and is
the next step before any field use; the decision machinery is indifferent to
the model it is given, and a different frame model is a different declared
envelope, re-decided in the same way.

Relation to probabilistic and expectation-based feasibility. Bayesian and vari-
ational inversion (Grana et al., 2022; Zhang et al., 2023) condition on a
prior and return a distribution; the decision here uses no prior and returns
the admissible set’s extremes with the models that attain them. Value-of-
information analysis (Anyosa et al., 2021) prices a measurement in expecta-
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Table 7: The undetectable witness of the headline cell recomputed step by step, at the
parameters of Table 4.

step formula value

fluid before, Reuss water—oil K1 =1/(Swi/Kw + So/Ko) 0.899 GPa

liquid after (water a larger fraction) Lo = (Swi + 502)/(Swi/Kw + So2/Ko) 0.969 GPa

fluid after, mix w between Reuss and Voigt K2 =R+ w(V —R) 0.858 GPa (w =1)

dry frame on the critical-porosity trend Kiry = 5(1 — ¢/@c) Kmin, Gary = (G/K)Kgry 39.94, 27.16 GPa

Gassmann, before and after Ksat = Kary + (1 — Kary/Kmin)?/(0/Kp + (1 —  41.058 — 41.008 GPa
#)/Kmin — Kdry/Kfnin)

density p=(1—®)pmin +¥ . Sip: 2.4048 — 2.4187 g/cm?

impedance I, = /p (Ksat +4G/3) 13.631 — 13.666

the change Alp /Ty = Ip2/Ip1 — 1 +0.26%

tion; the price of information here says which measurement decides, in the
worst case, and finds that in the headline cell none does alone. Volumetric
bounds from time shifts (Bergmann and Chadwick, 2015) bound a quantity
after the survey; the bounds here are before it, on the detectability of the
change the survey is meant to see. The three are complementary, and the
record carries the Monte Carlo result beside the verdict, labelled.

Regulatory note. In Brazil the storage regime of Lei 14.993/2024 applies to
dedicated geological storage; its article 26, paragraph 4 excludes injection for
enhanced recovery, so pre-salt WAG-COs reinjection is not a storage activity
under that law, and the monitoring obligations of a storage operator do not
attach to it. Where the same decision is applied to dedicated storage, the
detectability verdict is what a monitoring plan would need to state.

6. Conclusions

Whether a 4D survey of a given resolution sees a gas or CO» injection
front can be decided for every admissible model of a declared petro-elastic
envelope, cell by cell, with three verdicts and the models that justify them.
On a public pre-salt analogue at the Tupi pilot’s resolution of 1.5%, a thin
front is proved undetectable in 50,186 cells on the physical range alone; the
saturation band in which the pilot operated is refused in the whole field
in four of five knowledge states, with the resolution that decides returned
per cell; and 177 cells are proved detectable with a saturated front, lean
uniform gas and a measured frame. A Monte Carlo study of the headline
cell reports detection in 34.1% of its draws while a proved admissible model
changes impedance by 0.39%:; the sign of the change is not guaranteed above
a gas density of about 0.700 g/cm?; and no single rock or fluid measurement
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decides that cell — the survey resolution does. What is proposed to the
4D feasibility workflow is not a replacement for scenario modelling or for
probabilistic inversion but an annex to them: the guaranteed envelope, the
counterexample, and the measurement that decides, in a record that re-runs
in a browser.
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